This paper introduces a model to estimate the axial capacity of a column that has previously experienced shear failure. The model is applicable to existing reinforced concrete building columns vulnerable to shear failure during earthquakes. The axial load on a shear-damaged column is assumed to be supported by a combination of compression of the longitudinal reinforcement and force transfer through shear-friction on an idealized shear-failure plane. The effective coefficient of friction from the classical shear-friction equation is related to the drift ratio at axial failure using the results from twelve full-scale pseudo-static column tests. The model, which represents the general observation from experimental tests that the drift ratio at axial failure of a shear-damaged column is inversely proportional to the magnitude of the axial load and directly proportional to the 2 amount of transverse reinforcement, provides relations among axial load, transverse reinforcement, and the interstory drift at axial load collapse.
Introduction
Most tests of reinforced concrete columns under seismic load conditions have been terminated shortly after loss of lateral load capacity. The resulting data are useful for columns considered as part of the lateral-force-resisting system. Considering traditional notions of safety (that is, once shear failure begins, axial load collapse cannot be far behind), the data also probably define a practical upper-bound displacement capacity even for columns not considered part of the lateralforce-resisting system in new building designs. For existing buildings, whether being evaluated for seismic resistance or for seismic retrofit, a less conservative approach may be required by economic and functionality considerations. If a column can reliably carry gravity load after its lateral strength degradation begins, it may be possible to achieve considerable savings by considering the column as a secondary component. The model developed in this paper provides practicing engineers with a means of estimating the drift ratio at which a shear-damaged column can be expected to lose the ability to support axial loads.
Several pseudo-static tests have been performed in Japan to investigate the axial capacity of shear-damaged columns.
2-7 Several important observations should be noted from these tests, namely: sliding along the diagonal shear cracks was often observed prior to axial failure; axial failure occurred when the shear capacity was reduced to approximately zero; and, the drift at axial failure decreased with increasing axial stress. Kato and Ohnishi 3 calibrated a plastic drift capacity model, based on the results from 32 column specimens, to estimate the drift at axial failure; however, the model does not compare well with the measured drifts from the column database used in this study. 8 
Experimental Evidence
To address the need for data after the loss of lateral load capacity for columns typical of those constructed prior to the mid 1970s in the western United States, pseudo-static planar tests on twelve full-scale shear-critical reinforced concrete columns were conducted by Lynn 9 and Sezen 10 up to the point of axial failure. Figure 1 illustrates a typical test column configuration. Specific column characteristics, material properties, and measured responses are summarized in Table 1 .
With the exception of two specimens, the loading routine subjected each column to nominally constant axial compression and maintained nominally zero rotation between column ends while the column was subjected to a series of lateral displacements at increasing amplitude, with three cycles at each amplitude. The two exceptions were Column 2CVD12, which had variable axial load ranging from 250 kN tension to 2670 kN compression (with an axial load of 1473 kN just prior to axial failure), and Column 2CLD12M, which, after cycles below the yield displacement, was subjected to monotonic lateral loading until axial failure. Since the test setup did not allow for any redistribution of the applied axial load, once axial failure was initiated the tests were terminated.
Figure 2 plots drift ratios corresponding to significant events for the twelve columns reported by Lynn and Sezen. For columns having lower axial loads, the tendency is for axial load failure to occur at relatively large drifts, regardless of whether shear failure had just occurred or whether shear failure had occurred at much smaller drift ratios. For columns with larger axial loads, axial load failure tended to occur at smaller drift ratios, and might occur almost immediately after loss of lateral load capacity. Note also that the drift ratios at axial load failure tend to be lower for columns with larger spacing of the transverse reinforcement (dashed lines). The next section presents a shear-friction model that can be used to represent the general observations from Figure 2 ; namely that the drift at axial load failure is inversely related to the magnitude of axial load, and directly related to the amount of the transverse reinforcement.
A Shear-Friction Model Equilibrium Equations
The column shown in Figure 3 was damaged during the 1999 Kocaeli Earthquake. Any axial load supported by the damaged column must be transferred across the obvious shear failure plane. Such transfer of load can be modeled by a mechanism known as shear-friction. Shear-friction models evaluate the shear stress that can be transferred across a crack as a function of the normal stress on the crack surface. The normal stress results from the elongation of reinforcement crossing the crack and/or applied forces normal to the crack surface. For the column shown in Figure 3 , the transverse reinforcement crossing the shear failure plane and the axial load carried by the column combine to provide a normal force and, hence, a shear transfer across the shear failure plane. Figure 4 shows the free body diagram for the upper portion of the column from Figure 3 .
The inclined free surface at the bottom of the free-body diagram is assumed to follow a critical inclined crack associated with shear damage. In this presentation, the "critical" crack is one that, according to the idealized model, results in axial load failure as the shear-friction demand exceeds the shear-friction resistance along the crack. Dowel forces from the transverse reinforcement crossing the inclined crack are not shown; instead, the dowel forces are assumed to be included implicitly in the shear-friction force, V sf , along the inclined plane. Equilibrium of the forces shown in the free body diagram results in the following equations:
where n bars is the number of longitudinal bars crossing the shear-failure plane, d c is the depth of the column core from center line to center line of the ties, s is the spacing between the transverse reinforcement, A st and f yt are the area and yield strength of the transverse reinforcement, and the forces P, V, N, V sf , P s , and V d are shown in Figure 4 . The number of hoops crossing the inclined crack is .
The shear resistance due to dowel action of the longitudinal bars, V d , is dependent on the spacing of the transverse reinforcement. As shown in Figure 5 , the upper concrete block will bear against the longitudinal bar on one side of the crack and the transverse steel will restrain the bar on the other side. As the distance between these forces increases, the effectiveness of the dowel action will diminish. Due to the large spacing of transverse reinforcement in many shear-critical columns
tan of interest in this study, the distance between the forces will most likely be too large to develop any significant dowel action. Note that the dowel action may be more effective for longitudinal reinforcement along the side face of the column (that is, parallel to the direction of applied shear) since these bar will be restrained by concrete above and below the failure plane. However, any limited resistance to sliding from the dowel action can be considered as incorporated in the shear due to shear-friction, V sf , acting on the shear failure plane. Hence, the forces due to dowel action will be ignored in the derivation of the axial capacity model. Furthermore, based on experimental evidence suggesting that the shear capacity drops to zero when axial load failure occurs 2-7, 9-10 , when considering the stage of axial load failure the external shear force V can be set equal to zero.
In light of the above discussion, Equation 1 can be rewritten as follows:
Further development of an axial capacity model using Equations 2 and 3 requires models for the critical crack angle, ", the axial capacity of the longitudinal reinforcement, P s , and the relationship between N and V sf . Each of these models shall be discussed in turn in the following sections.
Critical crack angle
Few reliable models exist for estimating the inclination " of the shear failure plane. A basic principles approach is to define " as the angle of the nominal principal tension stress at the instant when it reaches the tensile capacity of concrete under combined shear and axial load, using a
Mohr's circle representation of the state of stress. This approach, however, invariably results in an angle steeper than that observed in tests.
A model proposed by Kim and Mander 11 estimates the crack angle based on minimizing the external work due to a unit shear force. For the columns tested by Lynn and Sezen, the critical crack angle estimated by the model ranges from 65 to 71 degrees, with an average of 68 degrees. 
P o is the axial capacity of the undamaged column given by where f' c is the concrete compressive strength, A g is the gross concrete area, A sl is the area of longitudinal steel, and f yl is the yield strength of the longitudinal reinforcement. (The outlying datum in Figure 6 at P/P o $ 0.21 was for Column 3CMH18. That column had a critical crack that was somewhat less steep over most of its length, with a vertical segment near column mid-depth, resulting in the relatively large reported critical crack angle.) Considering the difficulties of accurately determining the critical crack angle given the state of many of the columns at the end of the tests, and the lack of improvement observed in the prediction of the drift at axial failure when Equation 4 is used in place of a constant crack angle of 65 degrees, only the constant crack angle model will be used in the development of the axial failure model presented here.
All of the columns tested by Lynn and Sezen had a height to width ratio greater than 6.0.
For columns with low height to width ratio, it is expected that the maximum crack angle will be limited by the aspect ratio of the column (that is, " max = tan -1 (height/width)). This may be considerably less than 65 degrees.
Longitudinal Reinforcement Axial Capacity
Based on observations of the final state the column longitudinal reinforcement from the static tests by Lynn and Sezen, it is assumed that the longitudinal reinforcement will support a portion of the axial load, n bars P s , up to a maximum load defined by either the buckling or the plastic capacity of the reinforcing bars. Columns with an axial load greater than the pure axial plastic capacity of the longitudinal reinforcement (A sl f yl ) experienced a deformed shape of the longitudinal reinforcement after axial failure indicative of a buckling failure (for example, see Figure 7a ). In contrast, most of the columns with an axial load less than A sl f yl experienced a deformed shape of the longitudinal reinforcement after axial failure that did not suggest a buckling failure of the longitudinal reinforcement (for example, see Figure 7b ). Note that the elastic buckling capacity of the longitudinal reinforcement, calculated using a buckling length equal to the spacing of the ties and assuming full rotational fixity at the bar ends, is greater than A sl f yl , suggesting that the lightly loaded columns in the test series will not experience buckling of the longitudinal reinforcement upon axial failure. Based on these observations the longitudinal reinforcement axial capacity was evaluated as follows:
• for columns where , P s is based on the plastic axial-load strength of the longitudinal reinforcement in the deformed configuration.
• for columns where , P s is based on the plastic strength in the deformed configuration, but limited by the plastic buckling capacity.
The following paragraphs discuss each of these cases in turn.
The plastic strength of the longitudinal reinforcement in the deformed configuration is illustrated in Figure 8 . Assuming there is no dowel force, the plastic moment capacity of the reinforcing bar and the axial capacity are related by:
Using the decomposition of the stresses in the fully plastic section of a reinforcing bar shown in Figure 8 , the plastic moment can be determined as follows: (6) where A tens is the area of the reinforcing bar in tension, and z tens is the distance from the centroid of A tens to the centroid of the bar section. Given an axial load in the reinforcing bar, A tens can be determined as follows: (7) where A bar is the cross sectional area of one longitudinal reinforcing bar. Equations 5 through 7
can be used to determine a theoretical relation between the axial load, P s , and the lateral displacement at which the plastic capacity of a reinforcing bar is fully developed. The results for the three bars used as longitudinal reinforcement in the tests by Sezen and Lynn are shown in Figure 9 .
The curves shown in Figure 9 must be determined by iteration due to the nonlinear moment-axial load interaction diagram that results from solving Equations 6 and 7. If the linear, conservative, approximation to the interaction diagram shown in Figure 10 is used with Equation 5 , the axial plastic capacity of the longitudinal reinforcement can be related directly to the story drift, without iteration, as follows: (8) where L is the clear height of the column, and d b is the diameter of the longitudinal reinforcing bars. Figure 11 , provides a conservative approximation of the axial plastic capac-
Equation 8, shown in
ity of the longitudinal reinforcement without iteration and will be used in the further development of the axial capacity model. Figure 7a , the effective buckling length should be 1.0s>L eff >0.5s
(that is, shorter than a pinned-pinned condition at the ties and longer than a fixed-fixed condition at the ties). An effective buckling length of 0.8s is selected for this investigation. Based on these assumptions, the axial capacity of the longitudinal reinforcement is given by:
if (9) if Table 2 gives the axial capacity of the longitudinal reinforcement at axial failure of the column, estimated based on Equation 9 , for the columns tested by Lynn and Sezen. The values in Table 2 were calculated based on the measured column drift ratio at axial failure. Note that only
2CMH18 is controlled by the plastic buckling load. For most of the columns the above formulation results in approximately 25% of the axial load being carried by the longitudinal reinforcement at the point of axial failure. For two of the columns with a low axial load (P=0.09A g f' c ) and a relatively high longitudinal reinforcement ratio of 123&3CLH18 and 3SLH18), Equation 9 estimates that the longitudinal bars are supporting over 50% of the axial load (i.e., 76% and 54%, respectively). Due to the relatively low axial stiffness of the longitudinal bars, this seems unreasonably high and suggests that a limit on the fraction of axial load supported by the longitudinal bars may be appropriate.
As shown in Figure 4 , the axial load supported by shear-friction and the axial load supported by the longitudinal reinforcement act in parallel. By using the ultimate axial capacity of the longitudinal reinforcing bars in the equilibrium equation (Equation 1) it is assumed that the ultimate shear friction capacity and the ultimate capacity of the longitudinal reinforcement are reached at the same time. The ultimate shear friction capacity may be exceeded prior to full development of the longitudinal reinforcement axial capacity, thereby transferring axial load to the longitudinal reinforcement as sliding occurs on the shear failure plane. This transfer of load to the longitudinal reinforcement may exceed the ultimate axial capacity of the reinforcement and, subsequently, lead to axial failure of the column. In this case, axial failure should be defined by exceeding the shear friction capacity, and the load carried by the longitudinal reinforcement should be limited to some fraction of the total axial load. A limit of P s n bars /P < 50% was selected since this improved the correlation of the model with test data. Considering this limit, the axial load supported by the longitudinal reinforcement for specimens 3CLH18 and 3SLH18 is reduced to 0.12A sl f yl . (These reduced values are shown in parentheses in Table 2 .)
Maximum and Total Capacity Models
Considering the expected transfer of axial load from the shear failure plane to the longitudinal reinforcement after the shear-friction capacity is exceeded, it may be appropriate to consider the axial load support from the longitudinal reinforcement independently of that for shear-friction.
In such a model, the load carried by the longitudinal bars is removed from the equilibrium equation (Equation 2) and the capacity curves for the longitudinal reinforcement ( Figure 11 ) are superimposed on the capacity curves from the shear-friction model (to be developed in the next section).
The axial capacity of the column is taken as the maximum of the capacity from the longitudinal reinforcement and the capacity from the shear-friction model. This model, referred to as the maximum capacity model, will be developed further in the following sections. The model based on summing the ultimate capacity from the longitudinal reinforcement and the ultimate capacity from shear-friction, in accordance with the equilibrium equations, will be referred to as the total capacity model.
Application of the Classical Shear-Friction Model
The literature documents several shear-friction models which relate V sf and N [13] [14] [15] . The classical shear-friction model, included in ACI 318 since 1977, idealizes the crack across which shear must be transferred as a flat surface with an effective coefficient of friction, 4. The shear capacity is defined as: (10) where N is the compression force acting normal to the crack, as shown in Figure 4 . Since the shear transfer mechanism includes aggregate interlock and dowel action in addition to pure friction, V sf N4 = values for 4 must be higher than that for pure friction across a concrete interface in order to match Equation 10 with test data.
Substitution of Equation 10
into Equations 2 and 3, and eliminating the case where 4 = tan", gives the following expression for the axial capacity of the column illustrated in Figure 4 :
The first term in Equation 11 is the axial load carried through shear-friction, while second term is the axial load carried by the longitudinal reinforcement (given by Equation 9 ). Note that values of 4 greater than tan("=65 ) will result in a meaningless negative shear-friction capacity.
For 4 equal to zero, the shear friction term in Equation 11 reduces to the same form as the 45-degree truss model.
Recall that for the total capacity model, the shear friction and longitudinal reinforcement terms are summed, as shown in Equation 11 , while for the maximum capacity model only the maximum of the two terms is considered. Equation 11 can be rearranged to give the following expression for the effective coefficient of friction for the total capacity model: (12) where the subscript t refers to the total capacity model. Using a constant crack angle of 65 and the longitudinal reinforcement axial capacity given in Table 2 (but limited to less than 50% of the axial load on the column, as discussed previously), the effective coefficient of friction for each of the test columns can be calculated using Equation 12 . Figure 12a plots the calculated values for
each column as a function of the lateral drift ratio at which the column could no longer sustain the applied axial load. The data apparently follow a trend that can be approximated by: (13) In selecting Equation 13 , the effective coefficient of friction was set equal to tan(65 ) at zero drift to ensure the shear-friction capacity remained positive for all valid drifts.
A plot similar to that shown in Figure 12a can be developed for the maximum capacity model by omitting the n bars P s term from Equation 12 and recalculating the effective coefficient of friction (see Figure 12b) . The data appear to have less scatter when the capacity of the longitudinal reinforcement is omitted. Based on Figure 12b , the drift ratio at axial failure appears to follow a straight-line trend that can be approximated by: (14) The data of Figure 12 suggest that the effective shear-friction coefficient is a function of the drift angle at axial failure. This relation is plausible considering that increased deformation (and increased sliding along the critical shear plane) degrades the roughness of the shear plane and reduces the effective friction. It is worth recalling that the increased deformation capacities are associated with reduced axial loads and increased amount of transverse reinforcement (Figure 2 ).
It is expected that the shear-friction coefficient will also be inversely proportional to other parameters related to the amount of sliding along the critical shear plane. Among others, such parameters may include the displacement ductility, the number of cycles past the yield displacement, and a drift ratio based on the height of the damaged region of the column. The interstory drift ratio (IDR) (based on the clear height of the column) was selected for this investigation to be con-
sistent with research by other investigators into the use of the maximum IDR as an appropriate engineering demand parameter in a performance-based design methodology 16 . Axial failure may be more closely related to a drift ratio based on the height of the damaged region, or the concentrated drift ratio (CDR), as defined in Figure 13 For columns shorter than d c tan65 , the height of the damaged region will be constrained by the height of the column and the IDR will be equal to the CDR. Since all of the columns tested by Lynn and Sezen have the same height to width ratio and a critical crack angle of approximately 65 is assumed for all specimens, the CDRs for this database will be approximately equal to the IDRs times a constant factor. For a more extensive database the CDR should be used to distinguish between columns such as those illustrated in Figure 13 .
Drift Capacities
The preceding sections presented the expressions that can be used to establish relationships for the drift ratio at axial failure in terms of the axial load, the transverse reinforcement, and the longitudinal reinforcement.
For the total capacity model, Equations 9, 11 (with " = 65 ), and 13 are be combined to give the drift capacity curves shown in Figure 14a . For high axial loads, the buckling capacity of the longitudinal reinforcement is assumed to govern according to Equation 9 , resulting in the sudden reduction in drift capacity seen in Figure 14a . For low axial loads the drift capacity curves approach horizontal, suggesting that there exists a lower bound axial load below which axial failure is not expected to occur. Based on this model, the lower bound axial load capacity is the sum of the One must bear in mind, however, that this model is the result of simple theoretical concepts applied to a small data set, and hence, may not capture all possible failure modes which may lead to a loss of axial load capacity for columns subjected to axial loads below the lower bound suggested in Figure 14a .
The maximum capacity model, shown in Figure 14b , takes the maximum axial load from either the longitudinal bar capacity (see Figure 11) or the shear-friction capacity (that is, the first term of Equation 11 , with "3= 65 and 4 given by Equation 14) . Note that longitudinal bar buckling does not influence this model since the buckling capacity of the longitudinal reinforcement will always be less than the shear-friction capacity at low drifts. For the parameters shown, the longitudinal bar capacity only governs for large column drifts and low amounts of transverse reinforcement. Given that the longitudinal bar capacity has such little effect on the maximum capacity model, and that no data exist beyond a drift ratio of 0.06 to support the claim that the longitudinal bars will govern the capacity, the additional complexity of including the longitudinal bar capacity may not be warranted. Figure 14 suggest the intuitive result that drift capacity increases with increasing transverse reinforcement and decreasing axial load. This is consistent with the experimental observations discussed previously. Figure 15 compares the drift capacity curves based on the total and maximum capacity models. The very close agreement between the two models is a result of selecting the relations between the effective coefficient of friction and the drift ratio at axial failure based on the same data ( Figure 12 ). The variation between the two models at low and high drifts is due to the changes in the longitudinal reinforcement capacity, which influences only the total capacity model.
All of the plotted relations in
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To convey a sense of the accuracy implicit in the relations of Figure 14 , those relations were used to estimate the drift capacity of the columns tested by Lynn and Sezen. The results are plotted in Figure 16a for the total capacity model, and Figure 16b for the maximum capacity model. The mean ratios of the measured to calculated drift at axial load failure based on the total and maximum capacity models are 1.02 and 0.97, respectively; the coefficients of variation are 0.22 and 0.26, respectively.
Given the close agreement between the models (Figure 15 ), the lack of influence from the longitudinal reinforcement on the maximum capacity model (Figure 14b) , and the reasonable accuracy of the two models (Figure 16 ), it is recommended that the maximum capacity model based on the shear-friction capacity alone should be used to assess the drift ratio at which axial failure is expected to occur. Based on the test data, the accuracy of such a model is equivalent to that shown in Figure 16b for the maximum capacity model since the longitudinal reinforcement capacity did not control at the drift ratios recorded in the tests. Such a model only requires information on the transverse reinforcement and the axial load, and can be expressed as follows: (15) where " was assumed to be 65 during the derivation of the model. The axial capacity model can be plotted as a single curve and compared with the test data, as shown in Figure 17 .
Note that the upper most data points (2CMH18 and 3CMH18) in Figure 17 differ only by the amount of longitudinal reinforcement. Based on the longitudinal reinforcement axial capacity model, the column with the lower drift ratio at axial failure and lower longitudinal reinforcement ratio (2CMH18) is expected to experience buckling of the longitudinal reinforcement. Therefore,
the difference in measured drifts at axial failure for the two specimens may be explained by the reduction in drift capacity for columns susceptible to longitudinal bar buckling according to the total capacity model (see Figure 14) .
Shortcomings of Proposed Model
The shear-friction model described above significantly simplifies a very complex problem, hence, several deficiencies in the model can be expected. Some of the deficiencies include: the reliance on full anchorage of the transverse reinforcement, not accounting for direct bearing of concrete components, the dependence on a distinct shear failure plane, and the limited data set upon which the model is based.
The shear-friction model assumes that the full yield capacity of the transverse reinforcement can be achieved and maintained after shear failure of the column. This assumption is only valid if the transverse reinforcement has sufficient anchorage. Since 90 degree hooks are common for the ties of older reinforced concrete columns, such anchorage cannot always be relied upon. It is recommended that future modifications to the model include a coefficient that reduces the contribution of the transverse reinforcement. Such a reduction factor has been proposed for the calculation of the shear capacity of older reinforced concrete columns 17 .
Some shear failure modes, illustrated in Figure 18 , result in axial support provided by the bearing of concrete against concrete across a shear failure plane. This mechanism of axial load support is not considered in the shear-friction model. Further study is required to develop methods by which the formation of such failure modes can be reliably predicted.
The shear-friction model assumes that the shear failure plane is continuous and distinct.
However, the complex behavior of a column during shear failure can result in a disjointed failure plane where the principle sliding surface is intercepted by multiple cracks at various angles. Due to damage to the column core, the failure "surface" may in fact consist of several blocks of concrete bearing against one another.
It must be recognized that the axial failure model derived above is based on data from only twelve columns. All of the columns were constructed of normal strength concrete, had the same height to width ratio, and were designed to yield the longitudinal reinforcement prior to shear failure. Only limited variation in the spacing and type of transverse reinforcement was possible. The axial failure model presented here may not be appropriate for columns for whom the test specimens are not representative.
Furthermore, all of the columns in the database were tested under unidirectional lateral load parallel to the one face of the column. With the exception of two tests, the loading routine was standardized, with each column subjected to nominally constant axial compression and a series of lateral displacements at increasing amplitude (three cycles at each amplitude). During earthquake excitation columns can experience bidirectional loading and a wide variety of loading histories, which may consist of a single large pulse or many smaller cycles prior to shear and axial load failure. It has been demonstrated that an increase in the number of cycles past the yield displacement can result in a decrease in the drift capacity at shear failure 18 . While it is anticipated that an increase number of cycles has a similar impact on the drift capacity at axial failure, not enough test data is available to support or refute this hypothesis. Further testing of reinforced concrete columns to the stage of axial failure is needed to supplement the current database.
Conclusions
Based on shear-friction concepts and the results from twelve columns tested to axial failure, 
Figure 1.
Typical column test specimen (Lynn, 2001; Sezen, 2002) . All dimensions in mm.
Figure 2.
Column drift ratios as a function of axial load for columns tested by Lynn (2001) and Sezen (2002 Comparison of total and maximum capacity models. 
